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1. The plan for today

I Recap: proofs and refutations

I Solutions to some exercises

I Connecting lexical and derivational semantics

I Scope construal test suite, with analyses satisfying

. type uniformity

. scope flexibility
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2. In a picture

π ≈ τA CBV //

CBN

��

dτe : dAe

V·W

��

·∞

99ssssssssss

yyssssssssss

bτc : bAc
T·U

// λ→
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3. Proofs and Refutations

Proof: A implies B
A `CBV. B ./ A `CBV/ B

VA → CB KB → KA

(VA ×KB) → R = dA\Be ./ dB/Ae = (KB × VA) → R

Refutation: A and ¬B
A `CBN/ B ./ A `CBN. B

∞ ∞

B∞ `CBV. A∞ B∞ `CBV/ A∞

KB → (CA → R) CA → CB

(KB × CA) → R = bA�Bc ./ bB ; Ac = (CA ×KB) → R
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4. Summary of the steps: Exercise

“Alice teases Lewis”

I Sequent

I Labelled Sequent

I CPS interpretation: CBV and CBN

I CBN. read as CBV/
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4.1. Solution: Sequent

np −−→ np

np −−→ np s −−→ s

np ◦ np\s −−→ s

np ◦ ((np\s)/np ◦ np) −−→ s

np ◦ ((np\s)/np ◦ np) −−→ s

Labelled Sequent

y : np
y−−→ np

x : np
x−−→ np s

α−−→ α : s

x : np ◦ np\s x n α−−−−→ α : s

x : np ◦ ((np\s)/np ◦ y : np)
(x n α) o y
−−−−−−−→ α : s

x : np ◦ (z : (np\s)/np ◦ y : np)
µα.(z ∗ ((x n α) o y))
−−−−−−−−−−−−−−→ s

By replacing the variables with the corresponding lexical constants:

µα.(teases ∗ ((alice n α) o lewis))(= M)
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CBV. : dMe = λc.(teases〈λv.(v 〈alice, c〉), lewis〉):
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λc.N ′ : Ks → R = Cs

R

teases : V(np\s)/np

TV

Knp\s × V np

λv.N : Knp\s

R

v : Vnp\s V np ×Ks

alice : Vnp

SUBJ

c : Ks

lewis : Vnp

OBJ
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CBN. bMc = λc.(teases 〈lewis, 〈c, alice〉〉).

Ks → R = Cs

R

teases : C(np\s)/np

TV

Cnp × (Ks × Cnp)

lewis : Cnp

OBJ

Ks × Cnp

Ks alice : Cnp

SUB
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4.2. Trees vs. Co-trees

A `CBV. B V A → CB

A `CBN. B CA → CB

A `CBV. B ∞ A `CBN/ B = B∞ `CBV. A∞

A `CBV/ B ∞ A `CBN. B = B∞ `CBV/ A∞
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4.3. Solution: Lowering

y : s
y−−→ s np

α−−→ α : np

s
y � α−−−→ (s� np) ◦ np

s
eµy.((y � α) ∗ β)
−−−−−−−−−−→ β : (s� np) ◦ np

(s� np) ; s
β ; (eµy.((y � α) ∗ β)
−−−−−−−−−−−−−→ α : np

z : (s� np) ; s
µα.(z ∗ (β ; (eµy.((y � α) ∗ β))))
−−−−−−−−−−−−−−−−−−−−−→ np

µα.(z ∗ (β ; (eµy.((y � α) ∗ β))))
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5. Connection to Montague interpretation

π ≈ τA CBV //

CBN

��

dτe : dAe
V·W

��·∞

99ssssssssss

yyssssssssss

β
��

bτc : bAc
T·U

//
β

// λ→

I V·W: Constants to Values

I T·U: Constants to Computations
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5.1. Mappings: when

µα.(y ∗ (x n α))

lex
��
lex

��
lex

��
lex

��
µα.(left ∗ (alice n α)) (= M)

dMe
cbv

ssggggggggggggggggggggg
bMc=dM∞e

cbn
++XXXXXXXXXXXXXXXXXXXXXXXX

dMe
cbv

ssggggggggggggggggggggg
bMc=dM∞e

cbn
++XXXXXXXXXXXXXXXXXXXXXXXX

dMe
cbv

ssggggggggggggggggggggg
bMc=dM∞e

cbn
++XXXXXXXXXXXXXXXXXXXXXXXX

dMe
cbv

ssggggggggggggggggggggg
bMc=dM∞e

cbn
++XXXXXXXXXXXXXXXXXXXXXXXX

λc.(left 〈alice, c〉)

��������

λc.(left 〈c, alice〉)

��������
λc.(VleftW 〈ValiceW, c〉)

V·W
��

V·W
��

V·W
��

V·W
��

λc.(TleftU 〈c, TaliceU〉)

T·U
��
T·U

��
T·U

��
T·U

��
λc.(λ〈x, c′〉.(c′ (left x)) 〈alice, c〉)

β ++WWWWWWWWWWWWWWWWWWW

β ++WWWWWWWWWWWWWWWWWWW

β ++WWWWWWWWWWWWWWWWWWW

β ++WWWWWWWWWWWWWWWWWWW
λc.(λ〈c′, q〉.(q λx.(c′ (left x))) 〈c, λc.(c alice)〉)

βssffffffffffffffffffffff

βssffffffffffffffffffffff

βssffffffffffffffffffffff

βssffffffffffffffffffffff

λc.(c (left alice))
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6. How to solve for V·W and T·U
Source language In a Montague-style interpretation, a lexical item w of syntactic
type A is interpreted by a closed term φ of semantic type A′, with

np′ = e, s′ = t, (A\B)′ = (B/A)′ = A′ → B′

Target language To lift the interpretation to the CPS level, we want to find a
solution for the following equations (identifying R and t):

cbv φA′
M−−→λ→ dAe

cbn φA′
N−−→λ→ bAc

where M, N are the terms you obtain for IL proofs of the type transitions from
A′ to dAe or bAc.

Which Logic? Full IL? Linearity condition (= LP∗)? Allow closed terms? (yes)
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6.1. Some combinators

Terms for proofs of the form ` A are pure lambda terms, or combinators: no
constants. Some examples.

` A → A
λx.x ID

` A → ((A → B) → B)
λxλy.(y x) LIFT

` (A → A → B) → (A → B)
λxλy.((x y) y) REFL

` ((A → A) → A) → ((A → A) → A)
λxλy.(y (x ID)) RESET

` ((A → ((B → B) → B)) → ((B → B) → B)) → ((A → B) → B)
λxλy.((x λvλz.(z (y v))) ID) SHIFT

. . .
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6.2. Mappings: example

Let’s see:

cbv left(np\s)′
M−−→λ→ dnp\se

cbn left(np\s)′
N−−→λ→ bnp\sc
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6.3. Constants: CBV vs. CBN

We need to lift the constants of the Montagovian interpretation (e.g. left: e → t,
and teases: (e → (e → t)) to the CBV and CBN level.

Recall, for CBV, arguments are values, hence, V·W: Constants → Values.

ValiceW = alice dnpe = np

VleftW = λ〈x, c〉.(c (left x)) dnp\se = Rdnpe×Rdse

VteasesW = λ〈v, y〉.(v λ〈x, c〉.(c ((teases y) x))) div/npe = RRdive×dnpe

VsomebodyW = λ〈c, v〉.(∃ λx.(v 〈x, c〉)) ds/(np\s)e = RRdse×dnp\se

and for CBN, arguments are computations, hence, T·U: Constants → Computa-
tions.

TaliceU = λc.(c alice)

TleftU = λ〈c, q〉.(q λx.(c (left x))) Cbnp\sc = Rbsc×Rbnpc

TteasesU = ? Cbiv/npc = RRbnpc×bivc
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6.4. Constants

1. TteasesU = λ〈q, 〈c, q′〉〉.( q′|{z}
CSUB

λx.( q|{z}
COBJ

λy.(c ((teases y) x))| {z }
KOBJ

)

| {z }
KSUB

)

2. TteasesU = λ〈q, 〈c, q′〉〉.( q|{z}
COBJ

λy.( q′|{z}
CSUB

λx.(c ((teases y) x))| {z }
KSUB

)

| {z }
KOBJ

)

3. *TteasesU = λ〈q, 〈c, q′〉〉.( q′|{z}
CSUB

λy.( q|{z}
COBJ

λx.(c ((teases y) x))| {z }
KSUB

)

| {z }
KOBJ

)

4. *TteasesU = λ〈q, 〈c, q′〉〉.( q|{z}
COBJ

λx.( q′|{z}
CSUB

λy.(c ((teases y) x))| {z }
KOBJ

)

| {z }
KSUB

)

Note, 1. and 2. give the same readings when replaced to teases . . . in a bit.
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6.5. Montagovian connection: example

“Alice left”: µα.(left ∗ (alice n α))

dMe = λc.((left 〈alice, c〉))
bMc = λc.((left 〈c, alice〉))

λc.((VleftW 〈ValiceW, c〉)) = λc.(((λ〈x, c′〉.(c′ (left x))) 〈alice, c〉))

= λc.(c (left alice))

λc.((TleftU 〈c, TaliceU〉)) = λc.(((λ〈c′, q〉.(q λx.(c′ (left x)))) 〈c, (λc”.c” alice)〉))

= λc.((λc”.c” alice) λx.(c (left x)))

= λc.((λx.(c (left x))) alice)

= λc.(c (left alice))
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7. Scope and binding: Test suite

Claim LG gives us a way to express type assignment, (s�s);np that overcomes
the problems of a Lambek assignment s/(np\s).

I Simple QP context: (s� s) ; np versus s/(np\s)

. (a) labelled sequent;

. (b) CBV vs. CBN.

I Multiple QP examples:

. scope ambiguity: local. (a) SUB wide scope OBJ wide scope. CBN

. local versus non-local construal. (a) labelled sequent. (b) CBN
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7.1. Simple QP Context: Someone left

µβ.(z ∗ (γ ; (eµx.(µα.(y ∗ (x n α)) � β) ∗ γ)))

1. Cs : (µα.(IV ∗ (x n α)) � β) (= M)

2. Knp : eµx.(M ∗ γ)(= K)

3. Cs : µα.(QP ∗ (γ ; K))

dMe = λc.((left 〈π2someone, λz.(π1someone 〈z, c〉)〉));
bMc = λc.((someone λ〈q, y〉.(y 〈c, λc′.(left 〈c′, q〉)〉))).

Next step:

I V∃W = Value

I T∃U = Computation
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7.2. Lifting for ∃, ∀

Source language

someone s/(np\s) (e → t) → t ∃
everyone s/(np\s) (e → t) → t ∀

Target language
d(s� s) ; npe = Rdse×Rdse × dnpe

b(s� s) ; npc = RRbnpc×Rbsc×Rbsc

CBV Under cbv, we look for a solution for the type transition

∃(e→t)→t V∃W−−→λ→ d(s� s) ; npe

d(s� s) ; npe is a pair, with the np value we would like ∃ to bind as the second
coordinate. There is no type transition that can effect this.

Contents First Last Prev Next J



7.3. Lifting for ∃, ∀: call-by-name

Under cbn, we look for a type transition of the form

∃(e→t)→t T∃U−−→λ→ b(s� s) ; npc

b(s� s) ; npc = RRbnpc×Rbsc×Rbsc

This time, there is a solution.

TsomeoneU = λQ.(∃ λx.(Q 〈 λk.(k x), λ〈c, p〉.(p c) 〉))

λk.(k x) : Rbnpc = Cnp

LIFT = λ〈c, p〉.(p c) : Rbsc×Rbsc
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7.4. Connection to Montague interpretations: CPS

1. λc.((someone λ〈q, y〉.(y 〈c, λc′.(left 〈c′, q〉)〉)))

2. λc.((λQ.(∃ λx.(Q 〈λk.k x, LIFT〉)) λ〈q, y〉.(y 〈c, λc′.(left 〈c′, q〉)〉)))

3. λc.(∃ λx.(λ〈q, y〉.(y 〈c, λc′.(left 〈c′, q〉)〉 〈λk.k x, LIFT〉) ))

4. λc.(∃ λx.(LIFT 〈c, λc′.(left 〈c′, (λk.k x)〉)〉))

5. λc.(∃ λx.((λ〈c′′, p〉.(p c′′)) 〈c, λc′.(left 〈c′, (λk.k x)〉)))

6. λc.(∃ λx.((λc′.(left 〈c′, (λk.k x)〉)) c))

7. λc.(∃ λx.((left 〈c, (λk.k x)〉)))

8. λc.(∃ λx.((λ〈c′, q〉.(q λx′.(c′ (left x′))) 〈c, (λk.k x)〉)))

9. λc.(∃ λx.((λk.k x) λx′.(c (left x′))))

10. λc.(∃ λx.(c (left x)))
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8. Scope ambiguity, local

Eg., “Everyone teases someone” ([QP1 [TV QP2]])

Recall, [NP [TV NP]]: µα.(TV ∗ ((x n α) o y)) (= M : CS)

1. KOBJ: eµy.(M � β2) ∗ γ2 (= K2)

γ2 is the (s� s) of QP2

2. Cs: µβ2.(QP2 ∗ (γ2 ; K2) (= M ′)

I Obtained by: Co-application, Shift, Co-abstraction, Shift

I Corresponds to: [np [TV QP2]]

1. KSUBJ : eµx.(M ′ � β1) ∗ γ1 (= K1)

γ1 is the (s� s) of QP1

2. Cs : µβ1.(QP1 ∗ (γ1 ; K1)

I Same pattern of rules. Corresponds to: [QP1 [TV QP2]] (QP1 > QP2)
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1. KSUBJ: eµy.(M � β1) ∗ γ1 (= K1)

γ2 is the (s� s) of QP2

2. Cs: µβ1.(QP1 ∗ (γ1 ; K1) (= M ′)

I Same pattern of rules. Corresponds to: [QP1 [TV np]]

1. KOBJ : eµx.(M ′ � β2) ∗ γ2 (= K2)

γ2 is the (s� s) of QP2

2. Cs : µβ2.(QP2 ∗ (γ2 ; K2)

I Same pattern of rules. Corresponds to: [QP1 [TV QP2]] (QP2 > QP1)
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8.1. Ambiguity: CPS in CBN

From CPS in CBN we obtain the two readings:

λc.(TevrU λ〈q, y〉.(TsmU λ〈p, z〉.(y 〈c, λc′.(z 〈c′, λc′′.(TteasesU 〈p, 〈c′′, q〉〉)〉)〉)))
λc.(TsmU λ〈p, z〉.(TevrU λ〈q, y〉.(z 〈c, λc′.(y 〈c′, λc′′.(TteasesU 〈p, 〈c′′, q〉〉)〉)〉)))

Substituting the definitions for T·U, these reduce to:

λc.(∀ λx.(∃ λy.(c ((teases y) x))))

λc.(∃ λy.(∀ λx.(c ((teases y) x))))
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9. Step by step

1. λc.(TevrU λ〈q, y〉.(TsmU λ〈p, z〉.(y 〈c, λc′.(z 〈c′, λc′′.(TteasesU 〈p, 〈c′′, q〉〉)〉)〉))) =

2. . . . λ〈q, 〈c′, q′〉〉.(q′ λx.(q λy.(c′ (teases y) x))) 〈p, 〈c′′, q〉〉〉 =

3. . . . (q λx.(p λy.(c′′ (teases y) x))) := M =

4. . . . (λQ.(∃ λx.(Q 〈λk.k x, LIFT〉)) λ〈p, z〉.(y 〈c, λc′.(z 〈c′, λc′′.(M)〉)〉)) =

5. . . . (∃ λx.(((λ〈p, z〉.(y 〈c, λc′.(z 〈c′, λc′′.(M)))〉)〉)) 〈λk.k x, LIFT〉) =

6. . . . (∃ λx′.(((y 〈c, λc′.(LIFT 〈c′, λc′′.(q λx.((λk.k x′) λy.(c′′ (teases y) x)))〉)〉)))) =

7. . . . (∃ λx′.(((y 〈c, λc′.((λ〈c, p〉.(p c)) 〈c′, λc′′.(q λx.(c′′ (teases x′) x))〉)〉)))) =

8. . . . (∃ λx′.(y 〈c, λc′.(q λx.(c′ (teases x′) x))〉)) := N =

9. λc.(TevU λ〈q, y′〉.(∃ λx′.(y 〈c, λc′.(q λx.(c′ (teases x′) x))〉))) =
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10. λc.(λQ.(∀ λx′′.(Q 〈λk.k x′′, LIFT〉)) λ〈q, y′〉.(N)) =

11. λc.(∀ λx′′.(λ〈q, y′〉.(∃ λx′.(y′ 〈c, λc′.(q λx.(c′ (teases x′) x))〉)) 〈λk.k x′′, LIFT〉)) =

12. λc.(∀ λx′′.(∃ λx′.(λ〈c, p〉.(p c) 〈c, λc′.(q (c′ (teases x′) x′′))〉))) =

13. λc.(∀ λx′′.(∃ λx′.(q (c (teases x′) x′′))〉)) =

Note the role played by the combinator λ〈c, p〉.(p c). It corresponds to (s� s) in
the derivation.

The unfolding of the other reading proceed in a similar way.
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9.1. What if . . .

we use the other term for “teases”?

to be continued . . .
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10. What have you learned today

I Montague-style and CPS semantics have different interpretation domains

I We have studied mappings to lift the interpretations of the Montagovian
source language to the CPS level

I Such mappings are not guaranteed to exist, in particular

I the constants ∃, ∀ have a CPS lifted version under cbn, not under cbv

I We have started analysis of scope construal phenomena, addressing the Lam-
bek calculus problems of

. type uniformity

. scope flexibility

Open question How do we impose island constraints on non-local scoping? We
address this question in Friday’s lecture.
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Ambiguity: SUB wide scope
....

np ◦ ((np\s)/np ◦ np) −−→ s s −−→ s

np ◦ ((np\s)/np ◦ np) −−→ (s ; s) ◦ s

np ◦ ((np\s)/np ◦ np) −−→ (s ; s) ◦ s

np ◦ ((np\s)/np ◦ (s ; s)� np) −−→ s

np ◦ ((np\s)/np ◦ (s ; s)� np) −−→ s s −−→ s

np ◦ ((np\s)/np ◦ (s ; s)� np) −−→ (s� s) ◦ s

np ◦ ((np\s)/np ◦ (s;)� np) −−→ (s� s) ◦ s

(s� s) ; np ◦ ((np\s)/np ◦ (s ; s)� np) −−→ s

(s� s) ; np ◦ ((np\s)/np ◦ (s ; s)� np) −−→ s
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Ambiguity: OBJ wide scope
....

np ◦ ((np\s)/np ◦ np) −−→ s s −−→ s

np ◦ ((np\s)/np ◦ np) −−→ (s� s) ◦ s

np ◦ ((np\s)/np ◦ np) −−→ (s� s) ◦ np

(s� s) ; np ◦ ((np\s)/np ◦ np) −−→ s

(s� s) ; np ◦ ((np\s)/np ◦ np) −−→ s s −−→ s

(s� s) ; np ◦ ((np\s)/np ◦ np) −−→ (s� s) ◦ s

(s� s) ; np ◦ ((np\s)/np ◦ np) −−→ (s� s) ◦ s

(s� s) ; np ◦ ((np\s)/np ◦ (s ; s)� np) −−→ s

(s� s) ; np ◦ ((np\s)/np ◦ (s ; s)� np) −−→ s
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